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NATIONAL ADVISORY COMMITTEE ROE AERONAUTICS 


TECHNICAL MEMORANDUM 1309 

ON THE THEORY OF THIN AND THIN-WALLED RODS* 
By G-. Y. Dzhanelidze 


Through the -work of V. Z. Vlasov (reference l) a theory of thin- 
walled rods has been established that is widely applicable in practice. 
This theory was extended by A. A. .Umanski (reference 2) to thin-walled 
rod3 of closed profile section. The authors based their work on the 
concepts of the modern theory of shells . 

An attempt is made herein to construct a theory of thin- walled 
rods including the classical theory of deformation of thin rods by 
making use of a kinematic assumption. 


1. Fundamental kinematic assumption. - A general assumption that 
may be made for the construction of a theory of thin and thin-walled 
rods is first presented. In the entire volume of the rod, the elonga- 
tions e x and e and the shear are assumed to become zero. In 

the case of a thin-walled rod, this assumption is based on an analysis 
of the solution of the problem of Saint-Venant, Michell, and Almansi. 

In that case 


2 * = 0 ~\ 

Sx 


^ 1=0 > 

Sy f 


= 0 J 

dy ox 


( 1 . 1 ) 


Whence, integrating the first two relations yields u = u(y,z) and 
v = v(x, z) ; and on the basis of v = v(x,z) the following equations are 
obtained 
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u = u Q (z) - *(z)y 

V = Vg(z) + £(z)x 


( 1 . 2 ) 


■where Ug, Vg, and 5(z) 


are arbitrary functions of the coordinate z. 


An assumption of a more special -character than equations (l.l) is 
made, namely that, in referring the cross sections of the rods to the 
principal axes of inertia 



e z = e + x-jy - x g x + «p(x,y)T 



(1.3) 


where x^(z) and Xg(z) are the curvatures of the deformed axis of the 
rod, t(z) is the angle of torsion per unit length, e is the relative 
elongation, and cp(x,y) is a function of the torsion satisfying the 
conditions 


c*£ 

5n 


A<p = 0 

y cos(n,x) - x cos(n,y) 


(1.4) 


that is, the function cp(x,y) is a solution of the problem of Wei man 
[NACA note: Neumann.] and is determined with an accuracy up to an 

arbitrary constant. The meaning of the magnitude e changes, depending 
on the choice of this constant. 


If the equation cp(0,0) =0 is assumed as a normalizing condition, 
e actually represents the relative elongation e z at the points of the 
axis of the rod. For another method of normalization where the constant 
entering (p(x,y) is determined by the condition 


jy* 


cp(x,y)dx dy = 0 


S2 


the magnitude e is that part of the relative elongation that is pro- 
duced by the external tensile forces. 
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In deriving the relations of Kirchhoff , it is natural to make use 
of the first method of normalizing; hut in considering problems in which 
tensile forces are absent the second method is used. The relations (l.3) 
differ from the classical equations by the presence of the term 
«p(x,y)T in the expression for e z . The introduction of this term is 
based on the fact that for variable t the term (p(x^y)'t is necessary 
in order that the deformations (1.3) : satisfy the continuity condition 
of Saint-Tenant. This relation can easily be established if the expres- 
sions for 7 IZ and 7 yz are assumed and the form of e z found by 
integrating the equations of continuity. Moreover, as has been shown 
by T. T. Novozhilov (reference 3), relations (1.3) are obtained on 
expanding the displacements u, v, and w in series in the coordinates 
x and y of the points of the cross section and these relations 
correspond to the second approximation. 

The problem of the constrained torsion of prismatic rods was approx- 
imately solved by N. V. Zvolinskii (reference 4) by giving the variables 
in the form u = -yf(z), v = xf(z), and w = <p(x,y)F(z) and by deter- 
mining the functions f(z) and F(z) from the variational method. 

This form of specifying the displacements corresponds to a more general 
kinematic assumption than equations (1.3). 

2. Scheme of derivation of relations between forces and kinematic 
characteristics . - The kinematic assumption of the preceding section is 
often supplemented by the assumption of the secondary character of the 
deformation e. The force Y z is then obtained from the equations of 
statics and the equation connecting T z and e is dropped. For this 
reason in place of the complete system of equations for the theory of 
thin rods there Is obtained from the 16 equations a system of 15 equa- 
tions with 15 unknowns . 

Twelve of these equations (six equations of statics and six equa- 
tions of continuity) do not depend either on the form of the relation 
between the stresses and the deformations or on the character of the 
kinematic assumption. The character . of the kinematic assumption shows 
up only In the relations between the curvature and the torsion on the 
one hand and the moments on the other. 

The problem of the derivation of the relations between the 
'generalized coordinates' x^, Xg, t, and e and the 'generalized 

forces' Mjj., My, M z , and Y z is considered. 

The elementary wo.rk.of the generalized forces may be represented 
by the equation 
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SA 


■n 


V z 8e + M 3 -SX ;l + jMySXg + M z &tJ dz + 



p z Sw*dS dz + / / a ° <p(x,y)dx dy 5^ 


z=L 


( 2 . 1 ) 


where L is the length of the rod, S the area of the lateral surface 
of the rod, cr z ° the normal stresses distributed along the end z = L, 
with p z (s,z) the components along the z-axis of the distributed 
lateral load, and w* the difference of the displacements along the 
z-axis of an arbitrary point of the cross section and its center of 
gravity, that is, the relative displacement 


Sw* = ySx^ - xSx 2 + <P 5 t 


Pz - 


Also, 

0 . 


for simplification of the computations it is assumed that 


The equation determining the potential energy of the rod, after 
rejecting the terms containing the second-order stresses o x , o , and 
x , is written in the form x 



r_ 2 2 2 

CT z % xz ^ yz I, . , 

+ + — — dx dy dz 

E |i |i 


■} 


( 2 . 2 ) 


where E is Young's modulus and p is the shear mo lulus . 


The assumption of some kinematic hypothesis permits expressing the 
potential energy in terms of the 'generalized coordinates'. 'When the 
variation of the potential energy 5FI is equated to the elementary 
work 5A a relation is obtained from which, because of the arbitrari- 
ness of the variations of the generalized coordinates, the required 
relations are obtained. 

5. Generalized relations of the theory of thin and thin-walled 
rods! - The simplest form of Kirchhoff 's generalized relations for an 
initially straight and untwisted rod is obtained on the basis of the 
kinematic assumption previously formulated and the assumption of the 
secondary character of the stresses o , a , and ^ . 


^A short presentation of the results of this section has been published 
in reference 5. 
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Assuming this hypothesis and. making use of Hooke's law yields 


ct 2 «= E^y - x 2 z + <p(i,y)TrJ 

Txz e ' jS J x 
= ^ + x ) T 


(3.1) 


•yz 

It has teen assumed herein, that a z = Ee z , that is, the problem 
has "been restricted to establishing a relation between the principal 
stress o and the principal strain e . 

When equations (3.1) are substituted in equation (2.2) an expression 
can be obtained for the potential energy of the rod in the form 


n.|f 

vJ n 




E2e 2 + EI x x 1 2 + EI y X 2 2 + El^t 2 + 2EI (px X ^ - 


L 


2EI (py x 2 'C + + nrr“| 


i 


(3.2) 


where 2 is the area of the cross section, I Y and I are the moments 

«y 

of inertia, T is the geometric stiffness in free torsion, I , 1^, 

1^, and 1^^ are geometric characteristics defined by the equations 


<Pl (x > y)da dy 

\ (i,y)di dy 

q>x y<p (*>?)** d y 

mv = SJ ' x<p ( x >y )dx d y 


*\ 




(3.3) 


The integral 1^ was introduced by N. V. Zvolinskii (reference 4) and 
was computed by him for an ellipse, a rectangle, and an equilaterial 
triangle . 


The variation of the potential energy will now be established. 
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_L 


sri = 


E2e5c + EH^x^Sx.^ + lIyX 2 Sx 2 + + EI <px TBx l 


EI^tSXo + EI n1 T Se + iiXtSt + El x Sr - El x 0 St + El _,e6r dz 
<py 2 npl ^ <px 1 <py 2 <pl J 

Integrating the terms containing St "by parts yields 


T 

sn = 



[ E2e + EI q>i T ] 56 + K + %x T ] 5 \ 

[ EI y x s - E: W T ] &x 2 + h “ E V " EI ^ x i + EI <py* 

E^ 1 ejsrldz + [e^tSt + EI^St - EI^St + EI^cStJ 


X 2 - 


(3.4) 


0 


According to the preceding statement Sn = SA. Equating equa- 
tions (3.4) and (2.1) and comparing the coefficients therefore yields 
the generalized relations of Kirchhoff 

- “Vi + A 


«y - - E V 


v z = ES2 e + EI^ t 


> 


M z = ^ " E V - Vi + EI cp/ 2 " EI <P 1 4 J 


(3.5) 


and the boundary condition at the end 

h x. 
tpx 1 


[ E V' 


+ EI„__x , - El^ y x 2 + |5 t = 0 


■} 


(3.6) 


The supplementary terms with respect to the usual ones in equa- 
tions (3.5) correspond to the following phenomena observed on rods with 
nonsymmetrical profile: (l) nonuniform torsion produces bending, (2) 

nonuniform bending produces torsion, (3) nonuniform elongation produces 
torsion, and (4) nonuniform torsion produces elongation. 
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In the expression for M z , the term. which is retained even 

in the case of a rod with symmetrical cross section, is due to the 
strict consideration of the loads distributed over the lateral surfaces 
of the rod and also could he connected with the effect of torsional con- 
straint . 

The boundary condition, equation (3.6) has an interesting structure. 
From equation (3.6) it follows that for arbitrary 5T; that is, in the 
case where only the total forces and moments at the end are given, the 
following condition must be satisfied 

B <p = EI <p^ + E V X 1 ” EI <py x 2 + EI <pi e “ 0 

Thus, at the end, the magnitude Bq>, which, following Ylasov, shall be 
called the bimoment, becomes zero. For other boundary conditions the 
bimoment at the end is not zero. In these cases, the expression for 5A 
contains an additional term corresponding to the work of the stresses 
distributed at the end . 


The concept of the bimoment, while it is not necessary, is never- 
theless very convenient, a fact that explains its wide adoption in the 
literature on the theory of thin -walled rods. Hence, the bimoment may 
also be introduced early in the theory. 


The integral of equations (3.3) can be written in the form 

•1 

+ B <r,S T 1 


sn 


■D 


V z &6 + + M y 5X 2 + M Z * 8,r + J 


dz 


(3.7) 


where V z , M^., and M^. are connected with the kinematic characteristics 
of the previous relations and the magnitudes M z * and are deter- 

mined by the equations 


M z * = p.Tr 


B cp = E V 


EI cpx x l 


" EI <py x 2 


+ Elqjqe 


(3.8) 


It is shown in equation (3.7) that the bimoment B<p is a generalized 

force corresponding to the generalized coordinate t, with M z * being 
the generalized- force corresponding to the coordinate T (^considering 
t and T as independent parameters). 


Transforming equation (3.7) by integration by parts yields 
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SIT = J jv z Se + + MySx 2 + (M z * - B^SxJdz + Jb^&tJ 


that is, 


M» = M, 


dB m 
* <P 


z “ “z dz 


(3.9) 


•which agrees -with the corresponding equation (3.5). 


4. Determination of the position of the center of stiffness. - In 
the consideration of the problem of the bending of a cantilever prismatic 
rod by the forces B^. and By applied at the end, x = xq and y = Jq. 
From the equations of equilibrium of the rod it follows that in the pro- 
jections of the fixed axes 

- K* 1 


Y y = By 


^ “ 0 


> 


m - V L - z > 


(4.1) 


M y = R X ( L ' z ) 

M z = ^cFy - yo E z > 


The substitution of equations (4.1) in Kirchhoff's generalized relations 
yields 


E3 x*l + EI (px^ = " E y (L ' z) 

EI y X 2 " E V " V L - Z ) 

^ - E^t - EI^ + El^^xg = x Q Ry " ^x 



(4.2) 


(4.3) 


Solving equation (4.2) for x d and Xg and substituting these 

values in equation (4.3) yields the differential equation for determining 
the angle of torsion per unit length X; 
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• ' 1 (> ' X~ (*o • V - fo -T^)% < 4 - 4 ) 

The right aide of equation (4.4) becomes zero if the forces Ejj. and 
By are applied at the point with coordinates 



In this case the forces and By do not produce torsion of the rod. 

In other words, the point x c , y c is the center of stiffness of the rod 

It is important to note that for the determination of the coordinates of 
the center of stiffness, within the scope of the approximate theory, 
here developed, it is sufficient to know only the solution of the prob- 
lem of the free torsion of a section. 


For an accurate solution of the problem of the theory of elasticity 
used in the determination of the center of stiffness, the solution of 
the problem of rod bending is a necessity. In computing the coordinates 
of the center of stiffness 



y<P dx dy 


x<p dx dy 



(4.5) 


the coordinates x and y must intersect at the center of stiffness of 
the section. 


5. Special formulas obtained from the general theory. - The 
classical equations of Kirchhoff 's theory are obtained by rejecting the 
terms containing 3^, 1^, d ipx , 3^y from the fundamental equations of 

the general theory; thus the usual theory of thin rods corresponds to 
neglecting the effect of the torsional restraint and the additional 
effect of the loads distributed along the rod. 

The fundamental equations of V.. Z. Vlasov's theory (reference l) 
are considered now. In order to derive these equations, the approximate 
expression of the torsional function for thin-walled' rods, obtained by 
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oonaidering a curved section as an aggregate of rectangular ones, is used. 
If the rod is referred to the coordinates s and n (where s is the 
coordinate measured along the center line of the section and n along 
the normal to it) and solving the differential equation of torsion yields 


<p(s,n) = - co(s) - n (xx' + yy' ) + <f>, 


(5.1) 


where x = x(s) and y = y(s) are the parametric equations of the center 
line of the section; co(s) is the sectorial area: 


“(a) = / (xy 1 - yx' )ds 

J 0 

In the problem of the torsion of the rods, the constant <p is 
determined from the condition 


/ct z dx dy = 0 


Then 



ct z dx dy = ET / / cp(s 



ds dn a 0 


(5.2) 


2 a 

whence, with an accuracy to terms of the order of n/p, where p is the 
radius of curvature of the center line yields 


1 nl 


co(s) h(s) ds 


(5.3) 


where 2 . is the area of the section and l the length of the center 
line of the section. 

The principal sectorial area is introduced 

a<*(s) = co(s) - i / 00 ( 3 ) h(s) ds 

J 0 


The term <p(s,n) is expressed in terms of co*(s): 

<p(s,n) = - oo*(s) - n(xx' + yy') (x 1 = dx/ds) 


(5.4) 


Then the computation of the integral characteristics 1^, 1^ and 1^ 

is performed. Substituting equation (5.4) in expression (3.3) for 3^, 
yields 
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that is, 


-f 

d 0 


co* (s)h(a)ds + 


if 


yy ' )h 3 (s)ds 


Rejecting the second integral as a magnitude of higher order smallness 


yields 



co* 2 (s)h(s)ds 


(5.5) 


which agrees with the expression for the sectorial moment of inertia 
3^ given h y Tlasov. 
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TABLE I 


General theory of 

V.Z. Vlasov's theory 

A.A.Gmanskii's theory 

solid thin and thin- 

of thin-walled rods 

of thin-walled rods 

walled rods 

with open profile 

with closed profile 


section 

section 

T( Z ) 

t(z) 

t(z) 

<p(x,y) 

- co*(s) 

- co°(s) 

w = (p(x,y)x 

w = - co*(a) t 

W = - 03°(s )x 

a z = E(p(x,y)t 

a z = - Eco*(s)t 

l 

a z = - Eco 0 (s)t 

1 -ft, = /<P 2 (x,y)dx dy 

3^* = / a>* 2 (s )h(s )ds 

1^° = f co o2 (s)h(s)ds 

IT- 

rr 

7 

J 

p 

\>x = y<p(x,y)dx dy 

^wx* = / y“*( s ) h ( s ) <is 

=^y“°(s)h(s)ds 

p 

£ 

rr 

J °i 

= JJ x<f>(x,y)dx dy 

I = 1 xco*(a )h(s)ds 

T coy° = f xco°(s)h(s)ds 

£ 

^ 0 

pTr - EI^t* = M z 

pTr - EI^t = M z 

pTv - E3 ^°t = M z 

B(p = EI^T 

Bco = - E] co** 

B co = - EI co°^ 

B <P " 11 <P " dz 

• • pT dM z 

CO El * CO ~ dz 

CO 

“ pT ^z 

® EI^ 0 dz 

X 

o 

II 

V 

x c - I 

X 

^x° 

i x 

y _ 

J C ~ T 

J 

I * 
cox 

y ° - - ^ 

y _ V 

J C T 

J 


Thus, it has Been shown that the characteristic I<p is the gener- 
alized concept of the sectorial moment of inertia. 
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Substituting equation (5.5) in equation (3.7) the fundamental 

o 

formula of Vlasov’s theory is 


M = pTr - 


(5.6) 


The computation of the integrals 3^ x and 3^ yields 


dy 

2 2 




(y + roc »)cp(s,n) fl - SJ a.s dn 


-tpy -^jj sp (x,y )dx dy = JJ (x - ny.’ )<p(s,n) \l - ds dn 
2 2 
where p is the radius of curvature of the center line. 

The substitution in these expressions of the value of <p(s,n) after 
rejecting terms of the order of h 3 in comparison with terms of the 
order of h yields 





yco*(s)h(s)ds 


> 


xco*(s )h(s )ds 


(5.7) 




The approximate expressions for the coordinates of the center of stiff- 
ness will then he 


x = v— / yctf*(s)h(s)ds 
I x . 

0 


y c = - r 


xco*(s)h(s)ds 


2 

For simplicity in deriving certain formulas in this section it is 
assumed that the rod has two axes of symmetry. 
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These formulas likewise agree with the corresponding relations of 
Vlasov's theory. 

In a similar manner there can be obtained also the approx imat e 
formulas in the case of thin-walled rods with closed profile section. 
In fact, determining the constant q>Q in the expression for the 
function of the stresses <p(s,n) for closed sections yields 


<f>(s,n) = - co(s) + f-co(l) - n(xx’ + yy’ ) + (p 


0 


(5.8) 


from condition (5.2) 




s)h(s)ds - - - - - 


h(s)ds^ 


The introducing of the principal sectorial area w°(s) permits 
writing equation (5.8) in the form 


<P(s,n) = - co°(s) - n(xx' + yy' ) 


(5.9) 


With the same degree of 
then 


and equation (3.7) for 


accuracy as in the case of open profile sections 

(5.10) 


o 1 A o 

■ ■ kf 


oj° (s)h(s)ds 


(s)h(s )ds 


x co (s)h(s)ds 


M z assumes the form: 


M z = pTT - 


( 5 . 11 ) 


(5.12) 


Equations (5.10) and (5.11) agree with the relations assumed by 
A. A. Umanskii in the theory of thin -walled rods with closed profile 
section although they correspond only to the so-called first variant 
of the theory of Umanskii. The second (more accurate) variant of 
Umanskii' s theory is a particular case of a more general theory than 
the one here developed, namely, the theory based on a kinematic assump- 
tion containing two unknown functions t(z) and £(z). The correspond- 
ing computations shall not be discussed. 


Comparison of the differential equations of torsion of the general 
theory of thin and thin-walled rods with the corresponding equations of 



NACA TM 1309 


15 


the theory of thin-walled rode permits the establishment of a far- 
reaching analogy between the two. This analogy becomes very clear from 
the comparison given in table I of the formulas* of these theories. The 
analogy extends also to the boundary conditions and permits, for a 
corresponding change in the magnitudes, the application of the results 
obtained for thin-walled rods to the general theory of thin and thin- 
walled rods. Special problems may therefore be considered in detail 
and reference made to the monographs (reference 6). 

6. Free f lexural-torsioral vibrations of rods. - The essential 
feature of the general theory of thin and thin-walled rods is that the 
accuracy of the determination of the coordinates of the center of stiff- 
ness is adequate for the accuracy of the equations connecting the forces 
and moments with the kinematic characteristics. For example, within the 
frame of the general theory, equations for the flexural-torsional 
vibrations of the rods may therefore be obtained in which the accuracy 
of the determination of the coordinates of the center of stiffness will 
correspond to the accuracy of the equations. Moreover, these equations 
will differ from the usual ones by the presence of additional terms 
corresponding to the torsional constraint and to the consideration of 
the. distributed loads along the rod. 

The derivation of such a system of equations is briefly considered 
herein. The principle of Os trogradski -Hamilton is used. The expression 
for the kinetic energy has the form; 



where p is the linear density, J the moment of inertia of a section 
relative to the z-axis, u and v the displacements along the x- and 
y-axis, respectively, $ the angle of rotation of a section; that is 

ci-d/Sz = T 

For the potential energy of the- rod under consideration according 
to equation (3.2) 



az 


( 6 . 2 ) 
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Substituting equations (6.1) and (6.2) in the expression for the 
Ostrogradski-Hamilton principle yields 



n) dz = 0 


Taking the variation of the obtained expression and assuming, for sim- 
plicity of computation, u = 0 (this corresponds to the omission of the 
transverse vibrations along the y-axis) then 



El. 


^ 5 + EX. 




xpx Sz 2 Sz 2 cpx Bz 2 


■n2 

o v 

az 2 


Sz 8 3z 


>dz dt 


0 

(6.3) 


Transforming equation (6.3) by integrating by parts yields an expression 
from which, on account of the arbitrariness of the variations, the 
required equations for the f lextural-torsional vibrations are obtained 


P 


a 2 v 

St 2 


+ EI X 


a 4 v 

Sz 4 


El 


a 4 a 

az 4 


0 


(6.4) 


_ a 2 t^ 

at 2 


pT 


a 2 i? 

az 2 


EI 


a 4 


V 


cpx 


az 4 


+ EX 


a 4 ^ 


<P dz 4 


0 


(6.5) 


with the corresponding boundary conditions 


_ 1 . (ei + SL hn 
^ \ az 2 / Sz \ ^ £ z 2 / 


Sv = 0 




a 

az 


pT 


a fin 


-L [EI 


Sfi) + A. (e^ x 

9 az 2 / ^ \ az 2 / 


-x2 

FT — X - FT ■ ? ■■■ ■■ 
x 8 z 2 3 z 2 


8 h = 0 

az 


S$ = 0 


> ( 6 . 6 ) 


EI„ 


a 2 ,? 


az- 


?■ - EI «h 


a 2 v 

az 2 




A 
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Equations (6.4) and (6.5) differ from those usually applied not 
only in their structure hut also in the choice of variables; that is, 
in the usual equations the displacement of the center of stiffness Vq 
figures as the unknown variable and not the displacement of the center 
of gravity v as in the case in equations (6.4) and (6.5). 


The relation between v and Vq is given by the equation 


V = v 0 - *x c 


where x c is the coordinate of the center of stiffness. The replace- 
ment of v by Vq in equations (6.4) and (6.5) leads to a system that, 
by the use of transformations and the relation x c 
the form 


- - assumes 




0 




dt £ 


px, 


c + EI^ = o 

c at 2 ^ a z 4 


a 2 a 
m at 2 


pT - px c 


a 2 v c 

a?" 


(6.7) 


+ (6 - 8) 


where = J + P x c 2 is the moment of inertia of the cross section 

relative to the axi3 passing through the center of stiffness parallel 
to the x-axis. 


Eqiiation (6.7) agrees entirely with the classical form but equa- 
tion (6.8) differs by an additional term containing a 4 $ /a Z 4 . 


In conclusion, the boundary conditions in the variables Vq and 
v are 


iL 

a* l * Sz 2 


0 


(Sv Q - x G S-o) = 0 


(6.9) 


h ( lT s) - 1 [ E<1 «> 


^ $ - h fac l 


?)] 


a 2 v 


EI. 


0 


av c 

_a^ 


R , o aa 
* a z 2 l_a« " x c a 


z 

a 2 v, 


2 

E Ctp - x o 2l x> M + EI A , ? 

oz oz 


0 


= 0 


6^=0 

a z 


5 $ = 0 


( 6 . 10 ) 

( 6 . 11 ) 

( 6 . 12 ) 
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The solution of the equations (6.7) and (6.8) for the boundary con- 
ditions given by equations (6.9) to (6.12) is carried out by the usual 
exact or approximate methods . 


Translated by S. Reiss, 
National Advisory Committee 
for Aeronautics . 


REFERENCES 

1. Vlasov, V. Z.: Thin-Walled Elastic Rods. Stroiizdat, 1940. 

2. Umanskii, A. A.: The Normal Stresses in the Torsion of an Airplane 

Wing. Tekhnika Vozdushnogo Flota. no. 12, 1940. 

3. Novozhilov, V. V. : Fundamentals of the Nonlinear Theory of Elasticity. 

GTTI, 1948. 

4. Zvolinskii, N. V.: Approximate Solution of the Problem of the Torsion 

of an Elastic Cylindrical Beam with a Single Invariable Section. 
Izvestia AN SSSR, Otd. Tekh. nauk, no. 8, 1939. 

5. Dzhanelidze, G. Y. : Generalized Relations of the Theory of Thin Rods. 

DAN. T. LXVI, no. 4, 1949. 

6. Dzhanelidze, G. Y. : Panovko Y. G. Statics of Elastic Thin-Walled 

Rods, GTTI, 1948. 

7. Gilman, L. S., Golushkevich , S. S.: The Torsion of Prismatic Rods by 

Couples Distributed Over Their Lengths. Trudy Vysshego Inzhenerno- 
technicheskogo uchilishcha VMF, no. 4, pp. 81-94, 1943. 

8. Umanski] , A. A.: Computation of Thin-Walled Curved Beams. Trudy 

Nauchno-tekhnicheskoi konferentsii V. V. A im. Zhukovskogo, 

VYp. 2, 1944. 


NACA-Langley - 10-29-51 - 1000 





